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Unloaded Quality Factor of Transmission Line
Resonators With Capacitors
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Abstract— This article contains analytical expressions allowing
us to calculate unloaded quality factor Qu of transmission line
resonators with one or several capacitors. These expressions
include the Q -factors of the transmission line Ql and capacitor
Qc and the sensitivity Sc of the main resonance frequency ω0
of the resonator to small capacitance changing. The sensitivity
function Sc(ω) is a circuit function, which similar to the input
and transmission functions. Analysis based on these formu-
las extended understanding of the character of the resonator
unloaded quality Qu behavior under frequency variation. It is
shown that, under certain conditions, connecting additional
varactors to the resonator does not increase its unloaded quality
factor Qu . At Qc > Ql , the value of Qu of quarter-wave
resonator with capacitor decreases with increasing frequency.
The established expression for calculate the unloaded quality
factor Qu of resonators with one capacitor allows us to solve the
inverse problem and to determine approximately the capacitor
quality factor Qc by measured frequency responses of tunable
bandpass filters. Measured results are presented.

Index Terms— Tunable resonator, transmission line, capacitor,
resonance frequencies, quality factor, sensitivity of resonance
frequencies.

I. INTRODUCTION

AT PRESENT, there is considerable interest in electrically
tunable/reconfigurable filters [1]–[7], despite the fact that

tunable filters have been used for a long time [8]–[13]. Such
filters are used in diplexers [6], duplexers [7], and as stand-
alone devices [8]–[13]. Most of these filters contain resonators
from segments of transmission lines and variable capaci-
tors as tuning elements. Semiconductor varactors [8]–[13],
ferroelectric capacitors [14], [15], sets of lumped capacitors
commutated by MEMS switches [16] or pin diodes [17] are
used as variable capacitors. These resonators have a lot of
resonant frequencies ωn , n = 0, 1, 2, . . .. A practical interest
is a tuning at a fundamental resonance frequency ω0. Unloaded
quality factor Qu of such resonators determines the insertion
loss (IL) of the filters and it variation in the tuning range. This
value Qu depends on the quality factors of transmission line
Ql and capacitor Qc. There are expressions for calculation of
Qc and Ql [18]. At the same time, there is no formula for
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determination of Qu using the known values of Ql and Qc.
This limits the IL controlling of electrically tunable filters.
A large number of papers (see, e.g., [10], [13]) are devoted to
unloaded quality of resonators Qu tuned by capacitors; how-
ever, a desired formula was not found. Computer simulations
have shown that the Qu values increase as the frequency of
the tunable resonator increases [10]. However, this view is
somewhat limited.

Resonators consisting transmission line sections and several
capacitors are also used [4], [18]–[20]. These resonators are
attractive owing to new properties that are not exhibited by
resonators with one capacitor. In particular, the effect of inter-
secting resonance regions is observed in such resonators [4].
One of the main questions not yet answered is the following.
Does an additional varactor lead to a significant decrease in
the value of Qu? In the literature, analysis results of the
unloaded quality Qu for transmission line resonators with
several capacitors are not reported.

In this study, formulas for calculation the unloaded quality
Qu of transmission line resonators with one or several capac-
itors are founded. These expressions include the Q-factors Ql

and Qc and the sensitivity Sc of the resonance frequency ω0
of the resonator to small capacitance changing. The sensitivity
function Sc(ω) is a circuit function. It characterizes the local
tunability and was introduced in [5]. When forming the Sc(ω)
function, the elements of the sensitivity theory [21]–[24],
which has proved itself in many applications, were used.
We suggest that analysis based on proposed analytic expres-
sions will allow us to extend the understanding of the character
of Qu variation of the resonator with one or several capacitors
in a tuning range. The expressions will also make it possible to
determine the quality factor of varactors Qc from the measured
Qu value, which is of some practical interest.

The article is organized as follows. In section II, the problem
of determining the unloaded quality factor Qu of resonator
with one capacitor is solved. In section III, the problem of
determining the unloaded quality factor Qu of resonator with
some capacitor is solved. Section IV discusses the problem
of determining the quality factor Qc of ferroelectric capaci-
tors from measured frequency responses of tunable bandpass
filters. Our conclusion is given in Section V.

II. UNLOADED QUALITY FACTOR Qu OF RESONATORS

WITH ONE CAPACITOR

Let us consider a compound resonator (Fig. 1) formed by a
distributed circuit of a lossy transmission line segments and a
capacitor with a finite quality factor Qc connected in parallel.
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Fig. 1. Resonator containing a distributed lossy circuit and a capacitor with
a finite quality factor.

This resonator is equivalent to a one-port network with input
admittance Ỹ . The one-port network includes capacitance C
of the capacitor, its equivalent parallel conductance Gc, and
distributed circuit with input admittance Y . We consider the
resonator behavior at fundamental resonance frequency ω0.

The initial data of the problem are quality factors of the
capacitor Qc and transmission line Ql , which is unloaded
quality factor of the resonator from a half-wave or quarter-
wave segment of this line. The value Ql is coupled with
the attenuation constant of the transmission line and can be
calculated using relations [18]. It is necessary to obtain the
formula expressing the unloaded quality Qu of the compound
resonator (Fig. 1) in terms of Qc and Ql . Let’s start with
the simplest case, for a lossless transmission line. In this case
Ql = ∞.

A. Lossless Transmission Line

The input admittance of the distributed circuit is purely
imaginary: Y = jB. The resonance condition for a one-port
circuit (Fig. 1) is formulated as zero imaginary part B̃ of its
input conductance Ỹ

B̃ = ωC + B = 0, B ≤ 0. (1)

The unloaded quality Qu of the resonator is determined as
follows [23]

Qu = b/Gc (2)

where b is the susceptance slop parameter [23]:

b = ω

2

d B̃

dω

∣∣∣∣∣
ω=ω0

. (3)

Taking into account (1) and (3), the expression for Qu of
the resonator in question takes the form

Qu = ωC

2Gc

(
1 − d B

/
dω

B
/
ω

)
. (4)

Let us transform this expression using resonance frequency
sensitivity Sc, which was introduced in [5] and has the fol-
lowing sense. Small relative change of the capacitance �C/C
results in small relative change of the resonance frequency
�ω0/ω0 of the resonator. These changes are coupled as
�ω0/ω0 = −Sc (�C/C), where

Sc = − dω/ω

dC/C

∣∣∣∣
ω=ω0

(5)

is the sensitivity of resonance frequency ω0 to the small
capacitance changing. For Sc to be positive definite, the minus
sign is used in (5). Sensitivity Sc characterizes the resonator
tunability.

Using resonance equation (1) we can express the sensitivity
Sc(5) through the input susceptance B(ω)

Sc =
(

1 − d B

dω

/
B

ω

)−1
∣∣∣∣∣
ω=ωn

, B ≤ 0 (6�)

If function B(ω) is given by its zeros ω0i and poles ωpi ,
i = 1, 2, …(these frequencies are also called critical)

B (ω) = −H

(
ω2

01 − ω2
) (

ω2
02 − ω2

)
...

ω
(
ω2

p1 − ω2
) (

ω2
p2 − ω2

)
...

,

then the sensitivity is expressed through these critical frequen-
cies

Sc (ω)

= 1

2

[
1−

∑
i

1

1 − (ω0i/ω)2 +
∑

i

1

1−(
ωpi/ω

)2

]−1

, (6��)

which follows from (6�). Here H is a constant value, called
conductivity coefficient, which has no effect on sensitivity Sc.
A positive-definite function Sc(ω) is a circuit’s function, sim-
ilar to input susceptance B(ω). This function is characterized
by the following properties:

• the function has only zeros on the frequency axis,
no poles;

• it is limited on the entire frequency axis Sc(ω) ≤ 1/2;
• its zeros coincide with critical frequencies of the suscep-

tance B(ω) (6��);
• the function Sc(ω) is strictly convex between its zeros.
Taking into account expressions for sensitivity (6�) and

capacitor quality Qc = ωC/Gc [23], we rewrite the expression
(4) for the unloaded quality Qu of the compound resonator
in the absence of loss in the distributed circuit. As a result,
we obtain

Qu = ωC

2ScGc
= Qc

2Sc
. (7)

Expression (7) is accurate because it is obtained without
any assumptions. It follows from (7) that Qu → ∞ for Sc →
0, even in the case of small values of Qc.

B. General Case

If the relationship between Q-factors Qc and Ql was subject
to a widely used pattern

1

Qu
= 1

Qc
+ 1

Ql
, (8)

then we would have Qu = Qc for Ql = ∞. However, this
is not the case, since equality (7) is hold. Consequently, it is
necessary to use a form of combining Qc and Ql different
from (8).

As a result, we use the pattern of capacitor’s Q factor
obtained by parallel or series connection of two other capac-
itors. If two capacitors with capacitances C1 and C2 and
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corresponding loss conductance G1 and G2 are connected
in parallel, the quality factor Q of the resulting capacitor is
determined by the expression [23]

1

Q
= G1+G2

ω (C1 + C2)
= G1C1

ωC1 (C1 + C2)
+ G2C2

ωC2 (C1 + C2)
.

Taking into account that

1

Q1
= G1

ωC1
and

1

Q2
= G2

ωC2
,

we rewrite the previous equality in the form

1

Q
= A1

Q1
+ A2

Q2
, (9)

where A1 = C1/(C1+ C2) and A2 = C2/(C1 + C2) are
the weighting coefficients of the corresponding capacitors.
Formula (9) expresses the quality factor Q of the resulting
capacitor in terms of quality factors Q1 and Q2 of two
other capacitors connected in parallel. It can be shown that,
in the case of series connection of two capacitors, the quality
of the resulting capacitor is also determined by (9). In this
case, the weighting coefficients are A1 = C2/(C1+ C2),
A2 = C1/(C1 + C2). The larger the weighting coefficient,
the larger contribution introduced by this element into the
resulting quality factor Q. The quality factor Q of a composite
inductor is also subject to pattern (9).

The weighting (or influence) coefficients A1 and A2 in (9)
satisfy the condition

A1 + A2 = 1. (10)

If the quality factors of two capacitors are equal, Q1 = Q2,
the quality factor of the resulting capacitor is the same in the
cases of the parallel and series connection. Equalities (9), (10)
reflect this regularity. If two inductors are connected, equalities
(9) and (10) are also satisfied.

Let us find the solution to the formulated problem in the
form (9), which can be written as follows

1

Qu
= Ac

Qc
+ Al

Ql
, (11)

where Ac is the influence coefficient of capacitor and Al is
the influence coefficient of transmission line segment on the
unloaded quality Qu of the resonator. Formulas (9) and (11)
differ from each other by the notation A1 = Ac, A2 = Al .
If one of the terms in (11) is known, the second term can also
be found using relationship (10), which solves the formulated
problem.

We represent previously set expression (7) in the form

1

Qu
= 2Sc

Qc
,

from which we obtain the influence coefficient of capacitor on
the quality factor Qu :

Ac = 2Sc. (12)

Since influence coefficient Ac is found (12), from condition
(10) we determine the influence coefficient of transmission
line segment

Al = 1 − 2Sc. (13)

Fig. 2. Combline resonator. (a) Schematic. (b) Sensitivity function Sc(θ)
of the fundamental resonance frequency. (c) The unloaded quality Qu as a
function of its electrical length. Curve 1 corresponds to Ql = 200, Qc = 50,
and curve 2 to Ql = 50, Qc = 200.

In [5] it was shown that the sensitivity value is limited: 0 ≤
Sc ≤ 1/2. In turn, this leads to a limited influence coefficients:

0 ≤ Ac ≤ 1; 0 ≤ Al ≤ 1.

Substituting (12) and (13) into (11), we finally obtain

1

Qu
= 2Sc

Qc
+ 1 − 2Sc

Ql
. (14)

If lossless capacitor is used then Qc = ∞ and

Qu = Ql

1 − 2Sc
.

If Sc = 0, then Qu = Ql , but if Sc = 1/2, then Qu = ∞.
The values of the sensitivity in (14) are determined by (6�),

where B(ω) is input susceptance of the lossless distributed
circuit. This circumstance substantially simplifies the Qu cal-
culation, since it is not necessary to find the total admittance Y
of distributed circuit and separate its imaginary part. Formula
(14) is the main result of this study.

C. Analysis Qu of Some Resonators

Let us consider two different resonators with a capacitor.
The first of them [Fig. 2(a)] is combline resonator, which
contains a transmission line segment and capacitor. Here Z0 is
the characteristic impedance, l is the segment length, θ = ωl/v
is the electric length, v is the velocity of the electromagnetic
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wave. The input susceptance of the distributed circuit is
determined by the expression

B(ω) = −Z−1
0 cot θ. (15�)

Substituting the susceptance (15�) into (6), we find the
expression for the resonator sensitivity function

Sc (θ) =
(

1 + 2θ

sin 2θ

)−1

. (15��)

The plot of sensitivity (15��) in the region of the main
electric length 0 < θ0 ≤ 90◦ is shown in Fig. 2(b). It can
be seen from this figure that the sensitivity increases when
electric length θ0 decreases. This behavior reflects the known
fact that the tunability of such resonator at the fundamental
resonance frequency increases with decreasing electric length.

Let us analyze unloaded quality Qu of the resonator for
various values of its electric length θ0 using (14). We consider
two variants of values Qc and Ql : (1) Qc = 50, Ql = 200;
(2) Qc = 200, Ql = 50. The plots of Qu variation for these
two variants are shown in Fig. 2(c). Curve 1 corresponds to the
first variant, and curve 2 — to the second one. The resonator
unloaded quality Qu increases with increasing θ0 if Ql > Qc

(curve 1). If Ql < Qc, the value Qu decreases with increasing
θ0 (curve 2).

It is reasonable to compare the character of Qu variation
[Fig. 2(c)] and sensitivity Sc [Fig. 2(b)]. In the first case
(Ql > Qc), variations of Qu and Sc are opposite to each
other. In the second case (Ql < Qc), the unloaded quality Qu

and the sensitivity Sc decrease with increasing electric length.
The unloaded quality Qu is equal to capacitor quality factor
Qc if the electric length tends to zero, and it is equal to line
quality factor Ql for θ0 = 90◦. Therefore, the ratio between
Qc and Ql determines the increasing or decreasing character
of Qu variation with increasing electric length. For small value
of θ0, the capacitor makes a larger contribution to resonator
unloaded quality Qu , and for large θ0 it has larger influence on
the transmission line quality factor Ql . This behavior is due
to the influence coefficients in (14)Ac = 2S and Al = 1 − 2S.
If Ac = Al , the influences of two elements on Qu are
identical. The equality is achieved if the following condition is
satisfied:

Sc = 1/4, (16)

which, together with (15��), yields the value of the resonator
electric length θ0 = 65.3◦. For electric length 0 < θ0 < 65.3◦
(Ac > Al) the capacitor has larger influence on Qu , and, for
electric length 65.3◦ < θ0 ≤ 90◦ (Ac < Al), the transmission
line segment has larger influence on Qu .

The second resonator [Fig. 3(a)] contains the open-ends
segment of the transmission line. Its input susceptance and
sensitivity function are described by the following functions:

B(ω) = Z−1
0 tan θ,

Sc (θ) =
(

1 − 2θ

sin 2θ

)−1

. (17)

The plot of sensitivity (17) in the region of the electric
length 90◦ ≤ θ0 ≤ 180◦ at the fundamental resonance

Fig. 3. Transmission line resonator with capacitor and one open end.
(a) Schematic. (b) Sensitivity function Sc(θ) of the fundamental resonance
frequency. (c) The unloaded quality Qu as a function of its electrical length.
Curve 1 corresponds to Ql = 200, Qc = 50, and curve 2 to Ql = 50,
Qc = 200.

frequency is shown in Fig. 3(b). The function Sc is a bell
shaped upward convex function. The maximum of the function
Scmax = 0.1784 is achieved for θ0 = 129◦. This value is
situated in the middle of the optimal band in which tuning is
the most efficient.

The combline resonator [Fig. 2(a)] has no optimal tuning
range. For it, the smaller θ0, the higher tunability. This is a sub-
stantial difference of the two considered resonators. The open-
ends resonator exhibits lower tunability than the combline
resonator. Its advantage is that it has a larger length at higher
frequencies, for example, in the X range. The variation Qu

of open-end resonator is shown in Fig. 3(c) and it has a bell
shaped character. As in the case of the combline resonator,
we consider two variants of Qc and Ql values: (1) Qc = 50,
Ql = 200; (2) Qc = 200, Ql = 50. The dependence shown
by downward convex curve 1 corresponds to the first case
(Ql > Qc). Upward convex curve 2 is obtained for the second
case (Ql < Qc). In the considered case, as in the previous
one, dependence Qu(θ) is opposite with respect to sensitivity
function Sc(θ) if Ql > Qc. If Ql < Qc, the character of
variation of these functions coincides.

Since sensitivity Sc for this resonator is always smaller
than 1/4, condition (16) cannot be satisfied. As result, for this
resonator the condition Al > Ac is always satisfied. Therefore,
the influence of the line quality factor Ql on Qu is always
larger than the influence of Qc.

The following specific features of unloaded quality Qu of
considered two resonators were established:
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• unloaded quality Qu of combline resonator for electric
length 0 < θ0 ≤ 90◦ increases with increasing θ0
if Ql > Qc;

• unloaded quality Qu of combline resonator decreases
with increasing θ0 if Ql < Qc;

• for combline resonator, the influences of Ql and Qc on
resonator unloaded quality Qu are identical for electric
length θ0e = 65.3◦. For electric length 0 < θ0 < 65.3◦,
the Qc has larger influence on Qu , and for electric length
65.3◦ < θ0 ≤ 90◦ the Ql has larger influence on Qu ;

• the Qu variation of the open-ends resonator for admissi-
ble electric length 90◦ ≤ θ0 ≤ 180◦ has a bell shaped
character. The curve Qu(θ) is downward convex for
Ql > Qc and upward convex for Ql < Qc;

• for the open-ends resonator, the influence of Ql on Qu

is always larger than influence of Qc;
• for both resonators, the variation characters of Qu(θ) and

Sc(θ) are opposite if Ql > Qc, and coincide if Ql < Qc.

Only the first one of the specific features of the resonator
quality factor variation is widely known. The other specific
features are novel or insufficiently discussed in the literature.
They were established with the help of the sensitivity function,
introduced in [5].

In capacitance tuning transmission line resonators, the val-
ues of Qc and Ql are not constant, they change in the tuning
range and there are formulas for calculating them. Despite
the values of Qc and Ql are changed, the sensitivity function
Sc (6) and the character of the frequency dependence Qu are
constant (Fig. 2 and Fig. 3).

D. Verification of Qu Formula

Formula (7) determining the resonator unloaded quality Qu

in the absence of loss in the transmission line, was rigor-
ously obtained, therefore, its reliability is beyond doubt. The
transition from (7) to general expression for unloaded quality
Qu (14) was made under certain assumption. Therefore, (14)
requires some additional verification. The values of Ql , Qc

and Sc are determined a priori and introduced into the formula
to have calculated Qu value. The verification can be performed
using computer simulation of the IL response of the resonator
for weak coupling with input and output loads and with the
same parameters Ql , Qc and Sc. Simulated IL response is
used to determine unloaded quality Qu of the resonator. Such
software as Microwave Office (AWR) and HFSS (Ansoft)
simulate electromagnetic processes at the electrodynamics
level and they are characterized by a high simulation accuracy.

Let us denote BW (3 dB) resonator bandwidth by 3 dB level.
The value Qu at resonance frequency f0 is expressed as [24]

Qu = K f0/BW (3 dB), (18)

where the coefficient K is determined by the value of insertion
loss at resonant frequency IL0

K = 10−I L0/20

10−I L0/20 − 1
.

If IL0 = −20 dB, then we have K = 10/9 in (18), and if
IL0 = −40 dB, then K = 100/99.

Fig. 4. Definition of unloaded quality factor Qu of a microstrip combline
resonator by EM simulation. (a) The resonator topology in the case of
weak coupling with loads. (b) Simulated insertion loss of the resonator with
electrical length of 70◦.

Fig. 4(a) shows the topology of the combline microstrip
resonator in the case of weak coupling with input and out-
put loads. The substrate with the dielectric constant 10.2,
the thickness h = 1.905 mm, and the height of a metallic
screen above the substrate H = 11.43 mm are used for this
resonator. The width of the microstrip line of the resonator
is w = 4 mm, which corresponds to Z0 = 31.6 �. The
resonator length is 28.5 mm. Other dimensions are shown
in Fig. 4(a) in millimeters. As result, its resonance frequency
is 973 MHz at C = 0, which corresponds to electric
length θ0 = 90◦.

In the simulation, we use the capacitor with Qc = 50
and the microstrip line with Ql = 200. If the dielectric
dissipation tanδ of substrate and air are equal, then the quality
factor Ql of microstrip line is expressed by the equality
Ql = 1/tanδ. In order to provide the value of Ql = 200,
it is necessary to use the dielectric dissipation tanδ = 1/Ql =
0.005. The electric length of the resonator θ0 is controlled by
capacitance variation, the larger capacitance C , the smaller θ0.
Thus, electric length θ0 = 70◦ corresponds to the resonance
frequency 756.8 MHz. In order to obtain these values, the
capacitance C = 2.391 pF is required. Fig. 4(b) shows the IL
response of the resonator, which was simulated by Microwave
Office software. The results of simulation shown in Fig. 4(b)
yield the following values: IL0 = −44.707 dB; BW (3 dB) =
8.608 MHz. Substituting these values and f0 = 756.8 MHz
into (18) we obtain Qu = 88.43. These data are given in the
Table I containing similar values for an electric length 20◦
and 90◦ of the resonator. Table I also includes the values of
sensitivity Sc and unloaded quality Qu obtained from (14). The
difference between simulated and calculated values of Qu did
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TABLE I

COMPARISON OF RESONATOR QUALITY FACTOR Qu OBTAINED BY MEANS OF COMPUTER SIMULATED AND CALCULATION

not exceed 0.5%. The comparison confirms the reliability of
the general expression (14) for unloaded quality Qu .

III. UNLOADED QUALITY Qu OF RESONATORS WITH

SOME CAPACITORS

Consider resonators containing m capacitors with capaci-
tance Ci , i = 1, 2, . . . m that are characterized by quality
factors Qci . Denote the input susceptance Bi at the connection
point of Ci . Using (6), it is possible to calculate the sensitivity
Sci of the resonant frequency to the capacitance change of this
capacitor.

A. Formula for Qu Calculation

Since the considered resonators are linear circuits, (14) for
resonators with one capacitor can be extended to resonators
with several capacitors. It takes the form

1

Qu
= 2

m∑
i=1

Sci

Qci
+

1 − 2
m∑

i=1
Sci

Ql
. (19)

In (19) the quantities

Aci = 2Sci , Al = 1 −
m∑

i=1

2Sci (20)

are, respectively, the influence coefficient of the capacitor
with number i on quality factor Qu of the resonator, and
the influence coefficient of the transmission line on Qu . The
greater coefficients (20), the more substantial the influence of
the corresponding elements on Qu .

Influence coefficients (20) have the following restrictions:

0 ≤
m∑

i=1

Aci ≤ 1; 0 ≤ Al ≤ 1; Al +
m∑

i=1

Aci = 1

which follow from the more general condition [5]
m∑

i=1

Sci ≤ 1
/

2. (21)

The equation from condition (21) is fulfilled for lumped LC
circuits in which all capacitances are variable. This equality
is known [21], [22] as invariant of sensitivity.

For a resonator with several capacitors, the condition for
the equal influence coefficients on the unloaded quality Qu of
the resonator is represented as

m∑
i=1

Sci = 1
/

4. (22)

This condition follows from equality of the influence coef-
ficients (20):

∑
Aci = Al . Condition (16) is a special case of

condition (22) at m = 1.
Formula (19) enables us to state the following.
Statement. If two resonators contain a section of one trans-

mission line and different numbers m1 and m2 of capacitors
with equal Q factor, these resonators have equal unloaded
quality Qu1 = Qu2 at the same frequencies when the sums of
sensitivities are equal,

m1∑
i=1

Sci =
m2∑
j=1

Scj . (23)

Proof: Since the Q factors of capacitors are equal, Qci =
Qcj = Qc, the substitution of Qc into (19) yields the
expressions for the unloaded quality of these resonators Qu1
and Qu2:

1

Qu1
= 2

m1∑
i=1

Sci

Qc
+

1 − 2
m1∑
i=1

Sci

Ql
,

1

Qu2
= 2

m2∑
j=1

Scj

Qc
+

1 − 2
m2∑
j=1

Scj

Ql
.

Since condition (23) is fulfilled, the right-hand sides of these
expressions are identical, which yields the equality Qu1 =
Qu2. The statement is proved.

Expression (19) does not contain capacitances Ci but takes
into account only the degree of their influence on the resonance
frequency expressed by sensitivity Sci . The statement proved
above indicates that the unloaded quality of two resonators can
coincide for different numbers of capacitors and with different
values of their capacitances.

We use (19) to analyze certain resonators.

B. Transmission Line Resonator With Two Capacitors

Let us analyze a resonator consisting of a transmission
line section and two identical capacitors [Fig. 5(a)] whose
capacitances C1 and C2 are equal and vary synchronously. The
Q factors of the capacitors are also equal, Qc1 = Qc2 = Qc.
The transmission line section has characteristic impedance Z0.
Its geometric length is l, and the electric length is θ . When
the capacitances of the capacitors are zero, we have a half-
wave resonator. The resonance frequencies of the considered
resonator are determined from two equations [4]:

ωnC = Z−1
0 cot (θn/2) , ωn − even; (24)

ωnC = −Z−1
0 tan (θn/2) , ωn − odd. (25)
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Fig. 5. Transmission line resonator with two capacitors. (a) Schematic.
(b) Sensitivity of the resonance frequencies ω0 and ω1 to changing of two
capacitances. (c) The unloaded quality Qu of the resonator as a function of
its electrical length. The solid (dashed) lines correspond to the frequency ω0
(ω1). Curves 1 for the case Ql = 200 and Qc = 50. Curves 2 for the case
Ql = 50 and Qc = 200.

It follows from (24) and (25) that the resonance electric
lengths θn of this resonator satisfy the condition (n – 1)π ≤
θn ≤ nπ . The width of all resonant regions is the same and
equal to π .

The substitution of (24) and (25) into (6) yields the total
sensitivity of resonance frequency ωn to synchronous variation
of two capacitances of the resonator:

Sc1 + Sc2 = 2Sc =
(

1 + θ

sin θ

)−1

, ωn − even; (26)

Sc1 + Sc2 = 2Sc =
(

1 − θ

sin θ

)−1

, ωn − odd. (27)

The plots of sensitivities (26) and (27) are depicted
in Fig. 5(b) for the initial resonance frequencies. As the electric
length grows, the sum of the sensitivities at fundamental
resonance frequency ω0 monotonically decreases from the
maximum value 1/2 to zero at θ = 180◦. The curves of
the total sensitivity of resonance frequencies ω1 and ω2 are
bell-shaped.

To analyze unloaded quality Qu of the considered resonator,
we use two variants of the values of the Q factors: 1. Ql = 200
and Qc = 50; 2. Ql = 50 and Qc = 200. Fig. 5(c) shows the
plots of the variation of Qu at resonance frequencies ω0 and
ω1. At frequency ω0, equality (22) is fulfilled for the electric
length θ0 = 130.6◦, at which the influence of the capacitors
and the transmission line on unloaded quality Qu are identical.

Fig. 6. Fabricated tunable microstrip hairpin resonators. (a) Topology of
the resonator with two capacitors. (b) Topology of the resonator with one
capacitor. (c) Photograph of the resonator with two capacitors. (d) Photograph
of the resonator with one capacitor.

In the interval of electric lengths 0 < θ0 < 130.6◦, the
capacitors more substantially affect Qu , and the transmission
line section more substantially affects Qu in the interval of
electric lengths 130.6◦ < θ0 ≤ 180◦. At frequency ω1 the
total sensitivity is below 1/4, and, therefore, the transmission
line section always more substantially affects Qu .

At all cases in Fig. 5 the variations of unloaded quality
Qu(θ) and total sensitivity (Sc1+ Sc2) have opposite characters
when Ql < Qc1, Qc2. If Ql < Qc1, Qc2, the characters of
variations of these functions coincide.

C. Experimental Verification of Statement
The concept formulated in the statement is important for

practice. Consider it in more detail using experimental ver-
ification that enables us to directly determine the unloaded
quality factor Qu of resonators. Fig. 6 displays the topologies
of two hairpin microstrip resonators with capacitors. The
characteristic impedance of microstrip lines is Z0, and their
electric length is θ .

Fig. 6 shows the topologies and photographs of hairpin
microstrip resonators with two and one capacitors, which
have a weak coupling with loads. The dimensions are in
millimeters. In the microstrip resonators a substrate made
of the RT/Duroid 6010LM laminate (produced by Rogers
company) with εr = 10.2, h = 1.905 mm, and tan δ = 0.002
was used. The width of microstrip line of hairpin resonator
w = 4.5 mm (Z0 = 29.3 �). To provide applying the
control voltage to the varactors of the hairpin resonators,
a 10 k� chip resistor is connected to the middle of these
resonators [Figs. 6(c) and 6(d)].
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Fig. 7. Unit with the set of varactors that used in the resonators. (a) Schematic
with four varactors. (b) One side of the unit with varactors.

A resonator with two capacitors C was considered above
(Fig. 5), and now it has adopted a hairpin shape [Fig. 6(a)]. Its
main resonance frequency ω0 is determined by the resonance
equation (24) and the total sensitivity of ω0 to changes in two
capacitances is expressed by (26). The resonator in Fig. 6(b)
contains only one capacitor, the value of which is C/2. It has
the same resonance frequency ω0 as the previous resonator
because it is described by the same resonance equation (24)
with a multiplier (1/2) in its right part [3]. The sensitivity
of ω0 of this resonator to changes in one capacitance is the
same as the sensitivity of the previous resonator to changes in
two capacitances (26). It follows from the coincidence of the
resonance equations.

When all capacitances of the resonators are zero, their
resonance frequency is f0 = 850 MHz. This value corresponds
to the electric length of the resonators θ0 = 180◦. We will tune
these two resonators from f0 min = 225 MHz to f0 max =
400 MHz, which corresponds to a change in their electric
length from θ0 min = 47.64◦ to θ0 max = 84.7◦. Substituting
these values of θ0 in (24) we determine the boundary values
of tuning capacitance: Cmin = 14.9 pF; Cmax = 54.68 pF.

In the loop hairpin resonator [Fig. 6(b)] the value of a single
capacitance changes within the range from C/2min = 7.45 pF
to C/2max = 27.34 pF. To implement the required values of
capacitance C/2 = 7.45–27.34 pF we use several varactors
BB135 (NXP company) with minimal capacitance Cmin ≈
2 pF, which are connected in parallel and in series and form
a unit. In Fig. 7(a), a loop hairpin resonator with the unit
consisting of two pairs of oppositely connected varactors is
presented. Its capacitance is the same as of a single varactor.
Controlling voltage is applied to the interior of the unit through
the additional metallized plate 3, disposed between the arms 1
and 2 of the resonator.

In Fig. 7(b) the structure of the unit for assembling a few
metal strips are denoted by numbers 1, 2, and 3. The varactors
are soldered to both sides of these strips. Such a unit has small
dimensions. For example, a unit with dimensions 7 mm ×
6 mm can be used for placing of 10 pairs of varactors in
SOT23 packages. The varactors are mounted on both sides of
the unit. After that, this unit is soldered in a vertical position
to the left 1 and the right 2 parts of the loop hairpin resonator,
as well as to its additional metal plate 3 [Fig. 7(a)].

Fig. 8. Measured unloaded quality factor Qu of tunable hairpin resonators
in Figs. 6(c) and 6(d).

The unit must contain 15 varactors BB135 in order to
change the C/2 capacitance from C/2min = 7.45 pF to
C/2max = 27.34 pF, and bias voltage should vary from 6 V
to 27.2 V. The photograph of the loop hairpin resonator with
one unit is shown in Fig. 6(d). The hairpin resonator with two
capacitors [Fig. 6(a)] contains four units and his photograph
is shown in Fig. 6(c).

Fig. 8 shows the measured unloaded quality Qu of
the two tunable hairpin resonators in the frequency range
225-400 MHz. The Qu values of both resonators are the same,
and they change from Qu = 98 (225 MHz) to Qu = 167
(400 MHz). The expression (18) was used to obtain the
dependence Qu = Qu( f0). Resonator in Fig. 6(d) contains
15 varactors, and resonator in Fig. 6(c) contains 60 varactors.
The use of a large number of varactors averages the spread of
their parameters and makes measurements more accurate.

The transition from the resonator shown in Fig. 6(d) to
the resonator shown in Fig. 6(c) has an important feature.
Resonator in Fig. 6(d) contains one capacitor with capacitance
C/2, and the resonator in Fig. 6(c) has two capacitors, each of
them has a capacitance C . In this case the unloaded quality
Qu of both resonators is the same.

The considered measured data confirm the correctness of the
above statement and formula (19) for unloaded quality Qu of
a resonator containing several capacitors.

It was established in [5] that if Sc values is quite large
(Sc ≥ 0.4), then the use of additional varactors will not lead
to a significant increase in the tunability of resonator. Now
we can say that this will not lead to a significant reduction in
unloaded quality Qu of the resonator either.

IV. DEFINITION OF QUALITY FACTOR Qc OF

FERROELECTRIC CAPACITORS

An important problem is the determining of quality factor
Qc of ferroelectric capacitors from a measured frequency
response of tunable bandpass filters (BPFs). This problem can
be solved by using the obtained equation (14). The quality
factors of ferroelectric capacitors Qc based on barium stron-
tium titanate (BST) films have been determined below. The
capacitors were used in four BPFs tuned over the frequency
range from 1.8 to 4.3 GHz.
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Fig. 9. Tunable microstrip filter with ferroelectric capacitors. (a) Schematic.
(b) Photograph without shield.

A. Characteristics of Tunable BPFs

Let us consider four fifth-order combline BPFs [Fig. (9a)]
that are tuned by BST capacitors. The filters are made
on Rogers TMM-3 substrate with the dielectric constant
εr = 3.27 and tanδ = 0.002. The substrate thickness
h = 0.762 mm, the height of the metal shield above the
substrate H = 4 mm. One end of combline resonator is
short-ended, and the other is loaded with a BST capacitor
with capacitance C . The resonance frequencies of combline
resonators are determined by (15�).

Fig. 9(b) shows the photograph of one of the filters without
shield. All filters have the same dimension 23.6 mm ×
19 mm × 5 mm. The width of the central conductor of the
microstrip resonators is w = 1.4 mm, and their characteristic
impedance is Z0 = 57.4 �. The four filters differ from each
other in the length of the resonators l1 = 13 mm, l2 = 10 mm,
l3 = 8.4 mm, and l4 = 7 mm. Short circuit at the ends of the
resonators is provided by metalized holes with the diameter
0.4 mm. The voltage applied to the capacitors was varied from
5 V to 100 V. Fig. 10 shows the insertion loss of the filters.
Curves 1,2,3 correspond to a voltage of 5 V, 50 V, and 100 V,
respectively.

A change in the bias voltages from 5 to 100 V resulted
in tuning of the first filter [Fig. 10(a)] in a frequency range
from f0 min = 1778 MHz to f0 max = 2320 MHz, which
corresponds to the fractional tuning range FTR = 2( f0 max
– f0 min)/( f0 max+ f0 min) = 0.26. The capacitance of the
BST capacitors was varied from 0.76 pF to 1.6 pF, which
corresponds to the capacitance ratio Cmax/Cmin = 2.1. At a
voltage of 5 V, the center frequency of the first filter f0 min =
1784 MHz, the 3-dB bandwidth BW(3 dB) = 218 MHz, which
corresponds to the fractional bandwidth FBW = BW/ f0 =
0.122, and the minimum passband insertion loss IL0 =
4.26 dB. At a voltage of 100 V, the filter’s center frequency
f0 max = 2320 MHz, the bandwidth BW(3 dB) = 273 MHz,
which corresponds to FBW = 0.118, and IL0 = 3.24 dB. These
values, which characterize the first filter, are listed in Table II.
The similar values for the other three filters, and the values of
the return loss RL and the resonator electrical lengths θ are
included in Table II also. This table uses the calculated values
of the variable capacitance obtained in the design process.
Note that these values are not used to determine the unloaded
quality factor Qu (14). They are presented in this table for a
more complete description of the filters.

TABLE II

CHARACTERISTICS OF MICROSTRIP FIFTH ORDER BPFS
WITH FERROELECTRIC CAPACITORS

We will solve the problem of determining the quality factor
of the ferroelectric capacitors Qc from the measured frequency
responses of the filters in two stages. At the first stage we will
find the unloaded quality Qu of the filter’s resonators, which
include transmission line segments and ferroelectric capaci-
tors. At the second stage, based on the obtained values of Qu ,
we will determine the quality factor Qc of the ferroelectric
capacitors.

B. Unloaded Quality Qu of Tunable Resonators

In designing BPFs, the Chebyshev, or equal-ripple, attenua-
tion characteristics of lossless filters are most often used [25].
Suppose that N-order BPF should be design with ripple L Ar ,
midband frequency f0 and bandwidth BW. We note that the
value of BW is determined by the L Ar level. The normalized
g-parameters of lowpass prototype filters are used for the filter
design. The insertion loss of lossless BPF with odd number
of resonators is zero at the midband frequency IL0 = 0.
If all resonators of BPF have the same unloaded quality Qu ,
the filter midband insertion loss is determined by the known
formula [25]

�L A0 = 4.343 f0

N∑
k=1

gk

Qu BW
(dB) , (28)

where �L A0 is increase of insertion loss at f0.
We have to solve the inverse problem of determining the

resonators’ unloaded quality Qu from the measured filter
insertion loss (Fig. 10). To this end, we must determine some
values in (28). The main difficulty in solving the inverse
problem is due to the low unloaded quality Qu , a circumstance
that results in significant variations in the filter insertion loss
in the pass band region. It seems impossible through direct
measurements the lossless value of BW and ripple level L Ar ,
which corresponds to gk sum in (28).

To solve this problem, it is appropriate to use the filter
characteristics that are least affected by the dissipative loss.
Among these characteristics are return loss RL and width of
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Fig. 10. Insertion loss of microstrip filters with ferroelectric capacitors,
operating in different frequency ranges. (a) 1.78-2.32 GHz. (b) 2.30-2.82 GHz.
(c) 2.71-3.49 GHz. (d) 3.47-4.33.

“barrier band” � fb. The “barrier band” is passband width
measured by high attenuation level. The values RL and � fb we
determine by the measured frequency responses. The transition
from � fb to lossless BW is performed with the use of the
filter’s insertion loss plots [25]. Knowing RL we can determine

Fig. 11. Unloaded quality Qu of the combline resonator with ferroelectric
capacitor over the tuning range of each BPF.

the ripple level [18]

L Ar = −10 lg (1 − 10RL/10)dB. (29)

The above solution allows us to roughly define the unloaded
quality Qu of the resonators. The basis for the design of
these filters is formed by the Chebyshev characteristics. Let us
assume that the averaged return loss of the filters RL = 13.5 dB
(Table II). Using (29), we find the ripple level corresponding
to this value of return loss L Ar = 0.2 dB. Next we find the
sum of g-parameters for a fifth-order Chebyshev filter with
L Ar 0.2 dB [25]:

∑
gk = 7.52.

For the first BPF at the lower center frequency f0min =
1784 MHz [Fig. 10(a), curve 1], the measured 20 dB “barrier
band” width is � fb = 400 MHz. From the insertion loss
curve [25], for L Ar = 0.2 dB and N = 5, we find the ratio
� fb/BW = 1.44. The BW of a lossless filter is determined
as BW = 400/1.44 ≈ 278 MHz. The measured insertion loss
of the BPF at f0 is IL0 = �L A0 = 4.26 dB. Substituting
the found values

∑
gk = 7.52, BW = 278 MHz, �L A0 =

4.26 dB, f0 = 1784 MHz into (28), we obtain Qu ≈ 49.2.
For the same filter, at the upper center frequency f0max =

2320 MHz [Fig. 10(a), curve 3], we find the 20-dB “barrier
band” width: � fb = 450 MHz. Next we turn to the lossless
BW = 312 MHz. Taking into account the measured insertion
loss �L A0 = 3.24 dB, we find Qu ≈ 75 from (28). Curve 1
in Fig. 11 shows the resonator Qu variation of the first BPF
over its tuning range. The values of Qu vary from 49.2 to
75. Other three curves in Fig. 11 correspond to another three
BPFs from Table II.

Determining Qu we arbitrarily assumed that the averaged
level of the filter return loss RL = 13.5 dB. Let us analyze
the possible results of a change in this level. If RL = 16 dB,
then L Ar = 0.1 dB,

∑
gk = 7.01, and � fb/BW = 1.52. If we

take RL = 9.5 dB, then LAr = 0.5 dB,
∑

gk = 8.42, and
� fb/BW = 1.35. In the above considered cases, the unloaded
quality Qu calculated with (28) will differ from the prior
values Qu corresponding to RL = 13.5 dB. In the first case,
they will be underestimated by 2%, and in the second case,
they will be overestimated by 5%. In actual practice, this
accuracy is acceptable.

C. Quality Factor Qc of Ferroelectric Capacitors

Let us consider the second stage of solving the problem
of obtaining quality factor of the ferroelectric capacitors Qc
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Fig. 12. Quality factor of a microstrip transmission line with width w =
1.4 mm made on TMM-3 substrate with thickness h = 0.761 mm.

Fig. 13. Variation in quality factor Qc of the ferroelectric capacitor over the
tuning range of each BPF.

from the found values of resonator’s unloaded quality Qu and
calculated quality factor Ql of the resonators’ transmission
line. For the microstrip transmission line used in the resonators
under consideration, these calculated formulas [18] give the
values of Ql , which plotted in Fig. 12.

Now, we have the values of Qu and Ql (Fig. 12). On the
basis of these values, it is necessary to determine the quality
factor Qc of the ferroelectric capacitors. To solve this problem,
we use (14), which determines the unloaded quality Qu of a
composite resonator containing a transmission line segment
and a capacitor.

For the first BPF at the lower center frequency f0min =
1784 MHz, the known values are Qu = 49.2, Ql = 151,
and θ = 44.14◦. At the specified electric length, using (15��),
we find the sensitivity Sc = 0.393. Substitution of these
values Qu , Ql , and Sc into (14) gives the quality factor of
the ferroelectric capacitor Qc ≈ 41.6.

Computing Qc we use the calculated quality factor of the
microstrip transmission line Ql = 151. The formulas for
calculating Ql [18] do not take into account the roughness of
the dielectric substrate and the loss in the short-ended circuit
of the resonator. We assume that these effects will reduce the
estimated Ql by about 30%, i.e., Ql = 106, and repeat the
previous calculations. As a result, we obtain Qc ≈ 42.9. Thus,
as Ql is decreased by 30%, the calculated quality factor of the
ferroelectric capacitor increases from 41.6 to 42.9, i.e., by 3%.
Note that the roughness of the substrate does not affect the
quality factor of capacitor Qc soldered onto the substrate.

Determining Qc we use the values of Ql reduced
by 30%. Determining Qc at the upper center frequency

f0max = 2320 MHz we use the following values Qu = 75,
Ql = 123, θ = 57.4◦, and S = 0.312. Substitution of these
values into (14) gives Qc = 55.7.

The plots of the quality factor of the ferroelectric capacitors
Qc over the same tuning range for each BPF are shown
in Fig. 13. Over the tuning range from 1.8 to 4.3 GHz the
quality factor of the ferroelectric capacitors under considera-
tion take the values Qc = 33.5–60.7.

V. CONCLUSION

Analytical expressions allowing to determine unloaded qual-
ity Qu of transmission line resonators with one (14) and
several (25) capacitors are established. The basis of the
obtained expressions is the sensitivity Sc of resonant frequency
of resonators to changes in capacitances of these capacitors.
In addition to the sensitivity Sc these expressions include the
quality factors of varactors Qc and transmission line Ql . The
analysis performed on the basis of these formulas expands
the understanding of the nature of Qu change of resonators
in the tuning range. The expression (14) allows us to solve
the inverse problem and to determine approximately capacitor
quality factor Qc by measured frequency responses of tunable
bandpass filters.
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